The mesonic quantum fluctuations and their corrections on chiral condensate and pion polarization function have been investigated in the self-consistent scheme of SU(2) NJL model by exactly calculating the NLO Feynman diagrams. It is shown that the mesonic fluctuations and their corrections behave very differently as a function of the meson's three-momentum cut-off Λ M . In the case of only pseudoscalar and scalar mesons involved, the 1/N c (N c = 3) expansion or meson-loop expansion could not be used any more when Λ M > 1GeV. However the chiral symmetry in vacuum is always breaking.
Introduction
It is generally accepted that the Nambu-Jona-Lasinio (NJL) [1] model offers a simple scheme to study the mechanism of spontaneous chiral symmetry breaking. Usually, a nonperturbative approximation method, 1/N c expansion has been performed, and most calculations are based on the mean-field approximation, i.e., quark self-energy in the leading order of 1/N c expansion [2] .
Recently, the necessarity of considering NJL model beyond mean-field approximation has been generally recongnized [3] - [13] . Refs. [4] and [5] are the first two slightly different chiral symmetric self-consistent approximation schemes.
It has been an interesting subject to invetigate the effects of mesonic fluctuations since H. Kleinert et al. argued that, in NJL model with N c = 3, the strong mesonic fluctuations could restore chiral symmetry of vacuum [8] . The effects of mesonic fluctuations on pion propagator are calculated by M. Oertel et al. by using a "strict" 1/N c expansion, and instabilities are found for large values of Λ M , however, the determined value of meson cut-off Λ M is well away from the region of instabilities [9] . The quantum fluctuations of the quark condensate are studied by G. Ripka using a regulated NJL model [10] , and by R.S.Plant et al. using a nonlocal NJL model [13] . The latter pointed out that the mesonic corrections to chiral condensate were very small , and the former showed that the quantum fluctuations of the chiral field were large but they would not restore chiral symmetry.
In the above mentioned papers, two different 1/N c expansion schemes have been performed. One is the self-consistent scheme with meson-loop expansion or saddle-point expansion, in which the next-to-leading order (NLO) contributions represent the mesonic quantum fluctuations around the classical stationary chiral symmetry breaking vacuum [4] [5] [8] [10] . The other is the so-called "strict" 1/N c expansion scheme through iterating the quark self-energy in mean-field approximation [9] [13] , in which the NLO contributions represent the deviation from the contributions without mesonic quantum fluctuations. In both 1/N c expansion schemes, it is clear that the NLO contributions should not be larger than the LO cotributions, otherwise, the 1/N c expansion could not work.
In the strict 1/N c expansion scheme, it seems impossible to get the mesonic quantum fluctuations around the classical vacuum. However, in the self-consistent scheme, the deviation from the mean-field approximation can be obtained by subtracting the quantities considering mesonic fluctuations from those in mean-filed approximation, which is called the mesonic corrections in the self-consistent scheme. We will show that, by using the pole approximation for internal meson propagators, the 1/N c expansion in the self-consistent scheme [4] [5] is also "strict".
In this paper we will investigate both the mesonic quantum fluctuations and the mesonic corrections on pion polarization function and the chiral condensate in the chiral symmetric self-consistent scheme by exactly calculating them to the next-to-leading order. And the two momentum cut-off Λ f and Λ M have been introduced in non-covariant three-momentum regularization. The model parameters at different values of Λ M have been determined by fitting the pion's mass m π = 139MeV and the pion's decay constant f π = 93.2MeV with an appropriate value of the current quark mass. The corresponding mesonic quantum fluctuations and mesonic corrections on pion polarization function, and on chiral condensate are calculated.
Mean-field approximation
The two-flavor NJL model is defined through the Lagrangian density,
here G is the effective coupling constant of dimension GeV −2 , m 0 is the current quark mass, assuming isospin degeneracy of u and d quarks, and ψ,ψ are quark fields with flavor, colour and spinor indices suppressed.
The quark mass m 0 q in mean-field approximation, i.e., in Hartree approximation , can be represented by
where m 0 is the current quark mass and Σ 0 H is the quark self-energy of one-quark-loop contributions in mean-field approximation, which can be expressed as
For quantities in mean-field approximation, we indicate them with a superscript "0". The quark condensate calculated in mean-field approxiamtion has a simple relation with the quark self-energy
Correspondingly, the meson polarization functions in random-phase approximation are
with M refering to π or σ, and ǫ π = 0 and ǫ σ = 1. The NJL parameters in mean-field approximation can be fixed as Λ f = 637.7MeV , and G 0 Λ 
Mesonic fluctuations and corrections on chiral condensate
The chiral symmetric self-consistent scheme is described in details in [5] in effective action formalism and in [4] by using Feynman diagramatic method.
Including current quark mass m 0 , the gap equation for quark mass can be expressed as
where Σ H and Σ f l are the leading and subleading order of quark self-enery in 1/N c expansion, which can be read directly from the Feynman diagrams in Fig (3) should be replaced by m q , which is the new saddle-point of the effective action including mesonic fluctuations [5] .
The quark self-energy of next-to-leading order contributions can be written directly from the diagrams in Fig.1 Σ
where −iD M (q) indicate the internal meson propagator, which is in randomphase-approximation, i.e., strings of single quark loops. Evaluating one quark loop integral, one can get a simple relation between the quark condensate and constituent quark mass m q ,
The magnitude of mesonic quantum fluctuations on chiral condensate is defined as the ratio of the subleading order contributions over the leading order contributions
and the mesonic corrections on chiral condensate defined as the difference between the value considering mesonic fluctuation and that in mean-field approximation, i.e.
and the ratio of mesonic corrections is
4 Mesonic fluctuations and corrections on pion polarization function
Because the sigma meson is heavy, it does not play an important role in vacuum, and the NLO contributions would not affect the properties of sigma meson. Here we only discuss the mesonic corrections on pion polarization function, and just simply choose m σ ≃ 2m q .
The pion polarization function Π π (k) to next-to-leading order is shown in Fig. 1 , and can be written as
where Π 
Each diagram can be evaluated as following:
with the degeneracy λ π = 3, λ σ = 1 and
The magnitude of mesonic fluctuations on pion polarization function is defined as the ratio of the subleading order contribution over the leading order ones
Considering mesonic fluctuations the corrections on pion polarization function is
and the magnitude of mesonic corrections on pion polarization can be defined as
At last, we should discuss the formalism of the internal meson propagators. It has been discussed in several papers that the 1/N c expansion in the self-consistent scheme is not strict [7] [9] . It has been pointed out that the exact next-to-leading order quark self-enargy includes higher order contributions because the RPA internal meson propagators include any higher order O(1/N n c ) contributions. In our calculations, we choose the internal meson propagators
in pole aprroximation
with the pion-quark-antiquark coupling constant
The internal meson propagators in pole approximation will be always in the order of O(1/N c ), which ensure the 1/N c expansion is "strict" in the selfconsistent scheme.
Numerical Results
Our numerical results are based on solving three equations, the gap equations for quark Eq.(6), the equation for pion mass
and the equation for pion decay constant
where the total coupling constant g πqq is given by the residue of the total pion polarization at the pole
To evaluate the integrals, we introduce two momentum cut-offs Λ f and Λ M for quarks and mesons in the non-covariant regularization. The NJL model parameters m 0 , G, Λ f and Λ M are investigated varying with Λ M /m q to fit pion mass m π = 139MeV and pion decay constant f π = 93.2MeV with an appropriate current quark mass m 0 = 5.5MeV .
Our numerical results are shown in Fig.2 and Fig.3 . It is noticed that our results are always starting from Λ M /m q = 1, this is because in the quark mass region m q < 270MeV , the appropriate solutions are always found at about Λ M /m q = 1.
In Fig. 2 .a, the quark condensate to next-to-leading order in 1/N c expanstion are plotted as a function of Λ M /m q , the solid circle points correspond to the total contributions of − <qq > 1/3 , the star points correspond to the one-quark-loop contributions − <qq >
1/3
H , and the value at Λ M /m q = 0, i.e., Λ M = 0, corresponds to the chiral condensate in mean-field approximation −(<qq > 0 ) 1/3 . In Fig.2 .b, the magnitude of mesonic fluctuations R f l q (star points) and mesonic corrections R cr q (solid circle points) on quark condensate are plotted as a function of Λ M /m q .
It is found that the mesonic fluctuations on chiral condensate are very small till Λ M /m q = 1.5, corresponding to m q = m 0 q = 330MeV , then increase fast, and become larger than 1/N c (N c = 3) after Λ M /m q > 2.35, corresponding to Λ M > 1000MeV and m q > 440MeV . While the mesonic corrections on chiral condensate first increase slowly to about 1/N c at about Λ M /m q = 2, corresponding to m q = 370MeV , then decrease fast and become negative after Λ M /m q > 2.35. the absolute value of chiral condensate − <qq > becomes larger than the value in the mean-field approximation − <qq > 0 . The mesonic corrections on chiral condensate show that, in the region of 1 < Λ M /m q < 2.35, corresponding to the constituent quark mass region 270MeV < m q < 440MeV , the effects of mesonic fluctuations are to weaken the attractive interactions between quark-antiquark pairs in vacuum; While the increase of quark-antiquark attractive interactions after Λ M > 1000MeV is not reasonable, because if the meson momentum cut-off is large, other new degree of freedom should be considered there.
In Fig. 3 .a, the pion polarization function to next-to-leading order in 1/N c expanstion are plotted as a function of Λ M /m q , the solid circle points correspond to the total contributions of Π π (m However, when Λ M /m q > 2.35, i.e., Λ M > 1000MeV and m q > 440MeV , the mesonic fluctuations are larger than 1/N c , which shows that the 1/N c expansion around the stationary classical vacuum could not be used any more when Λ M > 1000MeV ; And the effect of mesonic corrections on chiral condensate is to increase the attractive interaction between quark-antiquark pairs, which is contrary to that at Λ M < 1000MeV . The reason maybe lies in that, our lagrangian only involves scalar and pseudo-scalar mesons, when the momentum cut-off for scalar mesons is too high, other heavy mesons degree of freedom should be considered, or other higher dimension operators should be considered as pointed out in [12] .
Conclusions
In conclusion, the large magnitude of mesonic fluctuations on chiral condensate and pion polarization function are found at high meson momentum cut-off after Λ M > 1000MeV . However, the effect of large fluctuations does not restore the chiral symmetry in vacuum. These results agree with that in [9] [10] . When Λ M is larger than the rho meson mass m ρ = 770MeV , heavy vector meson degree of freedom should be considered. Therefore in the case with only scalar mesons involved, the suitable cut-off is around Λ M /m q = 2 with m q = 370MeV . In this case both mesonic fluctuations and their corrections on chiral condensate and pion polarization function are in the appropriate magnitude of 40%. The investigation of mesonic fluctuations including vector mesons is in progress. 
